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Fig. 2 Variation of the velocity.

where x\(t) and x3(t) represent the parametric form of the
trajectory for the considered problem.

Numerical Application
On the basis of the analytical solution [Eq. (27)] a numerical

application was performed concerning the optimal transfer
from the libration point L2 of the Earth-moon system.

It was taken into account that, for the Earth-moon system,
m *'= 0.01227.The initial data used are *,(()) = 0 (/ = 1,. . . ,4).

We mention that the Eqs. (27) were calculated in units D = \
where D = 3.84x'lQ8 m represents the Earth-moon distance
and the time unit r is chosen such that the gravitational
parameter of the Earth is 1. The obtained results have been
subsequently transformed in units m/s (Figs. 1 and 2), The
evolution time was taken T = 7 = 3.77 x 105 s and the compo-
nents of the final velocity c2 = 400 m/s and c4 = 600 m/s.

Conclusions
This functional analysis study performed for the formulated

transfer problem revealed the existence of piecewise constant
controls. Their calculation indicates values M = 2.25 X 10~4 g,
which means that for fuel durations t > 105 s consistent with
the hypothesis of small thrust, the amount of the acceleration
due to the thrust is situated between the admissible limits of
10~3-10~6 g. The obtained commutation time of the com-
mand is t\= 2.13 x 105 s.
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G. Singh,* P. T. Kabamba,t and N. H. McClamrochJ
University of Michigan, Ann Arbor, Michigan

I. Introduction

FUTURE spacecraft may be quite flexible compared with
their predecessors. Many proposed applications require

slewing these vehicles between two quiescent attitudes. Bang-
bang control of rest-to-rest slewing maneuvers has been the
focus of a number of recent investigations.1^ In these works
the time- and fuel-optimal1 and the time-optimal3"7 problems
are considered. Fixed-time maneuvers minimizing a measure
of spillover energy have also been considered.2 In some cases
it is possible to obtain closed-form expressions for post-time-
Qptirhal control spillover measures (spillover energy and max-
imum postmaneuver pointing error, for example).5 The pur-
pose of this Note is to extend these results to any bang-bang,
rest-to-rest slewing maneuver for a class of flexible spacecraft.
The main contribution of this work is that the bounds ob-
tained here allow us to determine, a priori (i.e., before any
sequence of switching times is computed), the number of
flexible modes to be controlled actively during a bang-bang
maneuver in order to guarantee a prespecified pointing accu-
racy-for an infinite dimensional evaluation model.

II. Equations of Motion
We will consider an unconstrained, cylindrical rigid central

body to which N(N > 2) identical flexible appendages are
rigidly and symmetrically attached. The spacecraft is to be
controlled by a single torque actuator located at the rigid
central body. The appendage displacements and slopes are
assumed small relative to the undeformed appendage; ap-
pendages are assumed inextensible, and only planar motions
are considered. The appendage deformations relative to their
undeformed shapes are assumed identical and antisymmetric;
no structural damping is assumed. Lastly, it is assumed that
the rigid central body rotation rate remains small at all times.
Henceforth, we shall use uppercase boldface type to denote
matrices and lowercase boldface type to indicate vectors. The
following coupled ordinary differential equations are obtained
after discretization (using the assumed mode method, for
example) and truncation4'5:

(1)

(2)Nq + Kq

where 0(0 is the rigid-body angular position, q(t) is the ap-
pendage generalized coordinate vector, T(t) is the rigid-body
control torque, /0 is the total undeformed rotational inertia of
the vehicle, K is a diagonal matrix whose /th diagonal entry is
N&l («/ is the frequency of the /th bending mode), and m is
defined according to

+*)</>/« d*, (3)
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where { - }/ denotes the /th component of the vector argu-
ment, <f>i(x) is the /th orthonormal, assumed mode shape
function, p(x) is the appendage material density, L is the
appendage length, R is the radius of the rigid hub, and Mis an
arbitrary integer, indicating the order of modal truncation;
With the aid of Eq. (1), Eq. (2) can be written as

[TV/ - (\/JQ)mmT]q + Kq = -(T/J0)m (4)

Let q = Uvj, when rj is a modal coordinate vector, and U
is a normalized modal matrix that satisfies UT[NI-(l/
J0)mmT]U = I, UTKU = Q2& diag(o>h / = 1,2,..., M), with
0<co/ < w/+ i; y = 1,2,..., M — 1. The modal coordinates are,
therefore, governed by

= -(T/J0)UTm

Defining the state variables as

the control variable as

and the parameter

Equations (1) and (5) can be written as

/ = 1,2,..., M

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

We now require that only n of the M flexible modes be ac-
tively suppressed at the final time; the control model, there-
fore, is of the same form as Eqs. (12-15), except that the state
is 2n + 2 dimensional (n <M). Defining the state vector as
jc(/)= (Xi,-x2, *3, *4,..., x", x% )r, the boundary conditions
can be expressed as

= (0,0, 0,0,..., 0,0)r,

=-[6ffl, 0,0,..., 0,0) r,

jc(0)€(R2w (16)

(17)

where Of, the desired slew angle of the rigid central body, is
given, and //is the maneuver duration.

III. Characterization of the Slewing Control
We assume the following bang-bang control history:

iio(0 =
b <

(18)

where t/0>0 (£/0^ Tmax/J0), and /: is the number of control
switchings. In order to satisfy the boundary conditions, the
following equations must be satisfied by the switching times

and the final time:

-2

= 0,

sin {

= 0,

(19)

(20)

*

(21)

(22)

Notice that solving Eqs. (19-22) for switching times and the
filial time requires knowledge of kf and «, the number of
flexible modes to be actively controlled. The basic contribu-
tion of this Note is to show how to choose n based on either tf
or k, so that any solution of Eqs. (19-22) yields a bang-bang
control such that a prespecified pointing accuracy requirement
is satisfied when the control is applied to the infinite-dimen-
sional evaluation model.

IV: Control Spillover: Pointing Error of
the Rigid Body

The control characterized. in the previous section is now
applied to an evaluation model (12-15) with M undamped
flexible modes (M > n ) in addition to the rigid-body mode
(M — h of these modes are, therefore, not actively controlled).
In general, these M — n modes would have nonzero displace-
ments and velocities when the controls are turned off at the
end of the maneuver. These effects, therefore, result in free
vibration of the system after the maneuver has been com-
pleted. We assume that the control is given by

= 0 tt[0,tf]
(23)

By integrating Eqs. (14) and (15), we obtain the following
expressions for ATJ, / = « + !, n +2,..., M, the modal dis-
placements of the uncontrolled modes:

-T)) dr,

(24)

-2

/ = /i + 1, /I +2,..., M

We characterize the control spillover via a pointing error of
the rigid central body. This is defined as Oe(t)^d(t)-eft
t > 0. Inserting Eq. (1 1) in Eq. (6) and using Eq. (8) we obtain

-e =
for t>tf

(25)

-2 COS{cO/(/ ~

>// (26)
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Using Eq. (24) we obtain the following distinct upper bounds
on IxKOU t>tf,i = h + 1,..., M:

=s (2V2/7T) { («#) } U0tf I /% I ,

(27)

(28)

Using Eqs. (27) and (28) in (25), the following upper bounds
on the postmaneuver pointing error are obtained:

\6e(t)\ < ^tf (29)

, / > f / (30)

Using Eq. (26) yet another upper bound is obtained:

\Be(t)\ ^ (2k + 2)(U0/J0)=(^)2, t > // (31)

These upper bounds can be expressed in closed forms for an
infinite dimensional evaluation model where M = oo. The up-
per bounds obtained above become, respectively,

> f / (32)

>// (33)

^f, (34)

i ee(t) i
I Be(t) I < (2V2/7r)(t/0^//o)Er= „ + i

(2k +

+x)5(x,y) dy

Modal identities, the proofs of which rely on the modal rela-
tions of Hughes,8 and that are proven elsewhere,5 give us the
following closed-form expressions:

(35)

(36)

(37)

where JE is the total rotational inertia of the undeformed
flexible appendages about the slew axis, JR is the rotational
inertia of the rigid central body about the slew axis, and
5(x,y) is the flexibility kernel® associated with the flexible
appendage. Using Eqs. (35-37) in Eqs. (32-34), we obtain the
following three distinct bounds on the pointing error of the
rigid central body:

l6>e(Ol^V2(^///o)|s3oo-ELi{^(^)2)|» ***/ <38>

\0t(t)\ < (2V2/T)(t/o///Jra) §300 -

x Si.-,

\B t \*2k + 2'u/J\& -E" / 21° L '-i ° J' ~ /

Now suppose that 6E^max\6e(t)\, t > tf, is specified.
Equations (38-40) can be manipulated to yield

E • = i { "/

+

§300 -

) =s { fly/loss. +

^ Sioo - Wi(2k BE

(41)

(42)

(43)

Note that Eqs (41) and (42) require knowledge of t f , the
maneuver time, and Eq. (43) requires knowledge of k, the
number of control switchings. Once either of these quantities
has been specified, these inequalities allow us to determine n,
the number of flexible modes to be retained in the control
model, such that for a specified number of control switchings
or for a specified maneuver time, \Be(t)\ <BE, t > //, is as-
sured. If //is fixed then, in order for a solution of Eqs. (19-22)
to exist, it is necessary that //be chosen greater than or equal
to the final time for a time-optimal maneuver.4'5 When tf is
specified, different values of n are obtained using each of
Eq. (41) and (42). The smaller value is chosen to determine the
size of the control model.

V. Applications
We now consider some rest-to-rest slewing examples to

demonstrate the applicability of the results presented in this
Note. Normalized cantilever mode shapes are chosen as the
assumed mode shapes. The spacecraft dimension, material,
and maneuver specifications are listed in Table 1 . The results
of the modal analysis for a finite-dimensional (M =10) evalu-
ation model appear in Table 2. It is, however, possible to
obtain upper bounds on the postmaneuver pointing error of
the rigid central body for an infinite-dimensional evaluation
model. For this example S^ = 192.493, S2oo = 8244.444, and
S3oo = 1259.763.

For specified values of BE and k, we can obtain the required
number of flexible modes to be actively controlled using Eq.
(43). Having determined n, the 2n + 2 equations (19-22) can
be solved for the control switching times. A solution to these
equations can be obtained using a homotopy approach.4'5'9 In
Table 3 we present, columnwise, the specified number of
switchings k, the allowable maximum postmaneuver pointing
error BEl the predicted number of flexible modes to be actively
controlled in order to meet the maneuver requirement n, the
actual maximum postmaneuver pointing error, maximum
\Be(t)\, t > tf, and the actual number of flexible modes that
need to be actively controlled in order to meet the postmaneu-
ver performance objective.

Table 1 Spacecraft dimensions, appendage,
and maneuver specifications

*tf (39)

Table 2 Modal quantities

Radius of the rigid central body
Mass of the rigid central body
Number of appendages
Appendage length
Appendage flexural rigidity
Appendage material density
Total slewing angle
Maximum available torque

R

N
L
El
P
Of

*max

1.00 m
50.00 Kg x m2

2
5.00 m

328.30 N x m2

3.08 Kg/m
45.00 deg
80.00 N X m

3.861
13.152

12.013
4.214

27.745
1.221

51.839
0.457

84.241
0.212

124.869
0.114

173.692
0.068

230.692
0.044

295.863
0.030

369.206
0.021
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Table 3 Predicted and actual control model sizes

, deg tf, degb

Case 1
Case 2
Case 3

3
5
7

4.0
2.0
0.2

1
2
3

1.809
0.157
0.040

1
1
2

Predicted. bActual.

Table 4 Control switching times

Case 1
Case 2
Case 3

1.844179
1.821167
1.819569

2.197564
2.087151
2.068951

2.550949
2.200325
2.141553

2.313499
2.200462

2.579483
2.259371

—— —— 4.395128
__ __ 4 400650

2.331973 2.581355 4.400924

Note that of the three examples presented here, the pre-
dicted and actual sizes of the control model are in agreement
for case 1, but for cases 2 and 3 it is possible to meet the stated
accuracy requirement by controlling fewer flexible modes
than are predicted by Eq. (43). Lastly, in Table 4, we list
control switching times and final time, which are solutions of
Eqs. (19-22).

VI. Conclusions
The results presented here offer a systematic procedure for

determining the size of the control model in order to meet a
prespecified postmaneuver pointing accuracy requirement.
The evaluation of the size of the control model requires a
priori knowledge of either the maneuver duration or the num-
ber of control switchings. The predicted size of the control
model is not always minimal, i.e., it may be possible to meet
the accuracy requirement by controlling fewer modes than are
predicted (in our examples, for the stated performance objec-
tive, the predicted size is clearly not minimal for cases 2 and
3). The bounds presented here allow us to determine the
control model size in order to meet a particular control
spillover requirement, namely, the postmaneuver pointing er-
ror due to an infinite number of uncontrolled modes. Bounds,
similar to the ones presented here, have also been established
that allow us to determine the size of the control model such
that the residual postmaneuver energy is guaranteed to be less
than a prespecified value. Utility of these latter bounds is
doubtful since our experience4 has shown that increasing the

order of the control model does not always result in a lower
postmaneuver energy.
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